Introduction
The representation theory of curve singularities (more precisely, of their local rings) has turned out to be closely related to their deformation properties. Namely, as was shown in 6], 9], 7], such a ring R is of nite type, that is has only nitely many torsion{free indecomposable modules (up to isomorphism), if and only if it dominates one of the so called simple plane curve singularities in the sense of 1].
In 4] the authors have shown that R is of tame type, that is it has essentially only 1{parameter families of indecomposable torsion-free modules, if and only if it dominates one of the unimodal plane curve singularities of type T pq ( T pq2 in the classi cation of 1]).
These singularities form the \serial" part of the list of all unimodal plane curve singularities. There are also 14 \exceptional" ones, which happen to be wild, that is they possess n{parameter families of (non{isomorphic) indecomposable modules for arbitrary large n . The bimodal plane curve singularities in the sense of 1] are also wild. Nevertheless, in 11] was shown that all uni-and bimodal plane curve singularities possess only 1-parameter families of ideals. In 13] these singularities are called strictly unimodal and we prefer to use this terminology.
The aim of our paper is to show that the strictly unimodal plane curve singularities are in some sense \universal" among those having not more than 1{parameter families of ideals. Namely, we prove that a curve singularity has this property if Supported by DFG and International Science Foundation, grant RKJ000. and only if it dominates one of the strictly unimodal plane curve singularities. Moreover, we prove this result for curve singularities over an algebraically closed eld of arbitrary characteristic. For this we use, instead of the de nition of such singularities by the corresponding equations, their characterization via parametrization given in 11] . Note that it follows from 6], 9], 7] that a curve singularity has only nitely many non{isomorphic ideals if and only if it is of nite type (in contrast with the case of 1{parameter families). We use the parametric characterization as a de nition in positive characteristic (with special care in characteristic 2) and call them ideal{unimodal in view of the main theorem of this paper.
The proof of this theorem follows the same scheme as that of the main result on tameness from 4]. Namely, we rst introduce some \overring conditions" for the ring R and show that whenever they do not hold, R possess 2{parameter families of non{isomorphic ideals. Then we show that these conditions imply that R dominates a strictly unimodal plane curve singularity. To accomplish the proof, we need also to show that any strictly unimodal plane curve singularity has not more than 1-parameter families of ideals. But indeed, one can calculate all ideals of these rings. This has already been done in 11] and 12]. Although Schappert used the \de nition via equations", one can verify (and we do it here for three most complicated examples) that his calculations depend only on the parametrization of these rings. This calculation of ideals shows that all strictly unimodal plane curve singularities really have only 1-parameter families of ideals. Moreover, using the parametrization, we can extend this result to curve singularities over algebraically closed elds of positive characteristic, that is, to ideal{unimodal singularities.
Preliminaries
Notation 1.1. Throughout this article we use the following notations:
1. R denotes a complete local noetherian ring without nilpotent elements.
2. Q its full ring of fractions.
3. m = rad R its unique maximal ideal. 4. k = R=m , the residue eld of R .
5. R 0 its normalization, i.e. its integral closure in Q .
6. R i = m i R 0 + R (a local ring for i > 0). Later on we suppose k to be algebraically closed. De nition 1.2. R is said to be a curve singularity provided it satis es the following conditions:
1. R is a k-algebra and R=m = k.
2. R is of Krull dimension 1 .
Such rings are just the completions of the local rings of points of reduced algebraic curves over the eld k.
It is known that, in this case, d 0 is nite and, moreover,
Recall the de nitions related to families of R-modules (cf. 5], 10]). We shall consider here only full R-ideals, i.e. ideals I , such that QI = Q (later we omit the epithet \full").
De nition 1.3. Let X be an algebraic variety over k and I an R O X -idealsheaf, such that QI = Q O X (the tensor product is over k). Call Table 1 we prefer to present the plane curve singularities in a parametrized form, that is given by their generators x; y as complete subalgebra of R 0 . Such a presentation has the advantage that it is almost independent of the characteristic | only char k = 2 needs extra conditions. In the table the valuations v(x) and v(y) are given.
In view of Theorem 2.1 we propose the following de nition:
De nition 1.5. A plane curve singularity with complete local ring R R 0 is called ideal{unimodal (IUS) if its maximal ideal admits generators x; y whose (multi{)valuation satis es the conditions of Table 1: 1 In 1] these singularities are called \uni-" and \bimodal" (with respect to right{equivalence), while in 13] they are called \strictly unimodal" (with respect to contact equivalence). We use the latter terminology, which is more adequate in our situation. We pass now to the main theorem. In addition to the notations 1.1, letĨ = t 2 mR 0 + m,R = EndĨ and A 0 the 4-dimensional k-algebra having a basis f 1; a; b; ab g with a 2 = b 2 = 0 (these notations will be used only in the case char k = 2 ). Theorem 2.1. Let R be a curve singularity. The following conditions are equivalent:
1. par (1; R) 1 . 2. R dominates a simple or ideal{unimodal plane curve singularity. It is perhaps worth giving a more geometric interpretation of these overring conditions.
is the normalization of R and d 0 = d (R 0 ) the usual multiplicity of the local ring R.
is the maximal local overring of R, having the same multiplicity vector (m 1 ; : : :; m s ) as R, where m i = multiplicity of the i{th branch;
In general, we have R 0 R 1 R 2 R; R i+1 = k + mR i , hence
If e = (e 1 ; : : :; e s ); e i 2 f0; 1g, is an idempotent such as d (eR 0 ) = 1, then e i = 1 for some i; e j = 0 for j 6 = i and the i{th branch of R is nonsingular. Hence, eR = k t i ]] and d (R 2 + eR) 3 is a condition on the remaining branches of R. The determinator gives x = (t 1 ; t 3 2 ); y = (0; t 3k+1 2 p(t 3 2 ) + t 3n+2 2 q(t 3 2 ) + t 3m+3 2 r(t 3 2 )) k; n; m 1; l = minf3k + 1; 3n + 2; 3m + 3g with relation y(y 3 ?x 3k+1 p 3 ?3x k+n+1 ypq?x 3n+2 q 3 ?3x m+1 y 2 r+3x k+n+m+2 pqr+3x 2m+2 yr 2 ?x 3m+3 r 3 ): l = 3k + 1 ) W 12k+1 , l = 3n + 2 ) W 12n+5 , l = 3m + 3; n k > m ) Z m+1 6(m+k)?5 . 
Proofs

Ideals of ideal{unimodal plane curve singularities
Now we have to prove the implication 2 ) 1 , that is to show that any IUS from 
Ideals of singularities of type W
Here we consider the case, when s = 1 and R contains elements x; y with v(x) = 4 , v(y) = 7 (\type W 18 " in Arnold's classi cation). It is convenient to suppose here that t = x 2 =y . Of course, we suppose also that char k 6 = 2 . It is easy to verify that then R t 18 R 0 and, if R is a plane curve singularity, its minimal overring contains even t 14 R 0 . Hence, we may restrict ourselves by the case, when R is the smallest subalgebra of R 0 containing t 14 R 0 and generated modulo t 14 R 0 by x and y . Thus, R = h1; x; y; x 2 ; xy; x 3 i + t 14 R 0 ; where, as usual, we denote by ha 1 ; : : : ; a m i the k-subspace generated by a 1 ; : : : ; a m .
An obvious calculation shows that in this case S = h1; x; y; x 2 i + t 10 R 0 and S 0 = h1; z; xi + t 6 R 0 ; where z = y=x . As v(z) = 3 , it follows from 6] or 9] that S 0 has only nitely many non{isomorphic ideals (it is the simple plane curve singularity of type E 6 ). Moreover, in these articles the precise list of such ideals is given. Namely, they are, except R 0 and S 0 itself: thus obtaining a subspace of the same form but with 2 = 0 . Hence, we get two 1-parameter families of S-ideals: F 1 ( ) = Sh1; t 2 + zi ; F 6 ( ) = Sh1; z + t 5 i ; 6 = 0 ; F 7 ( ) = Sh1; z + t 5 ; t 6 i ; 6 = 0 ; F 8 ( ) = Sh1; t 5 + t 6 i ; F 9 ( ) = Sh1; z; t 5 + t 6 i ; I 6 = Sh1; t 5 ; t 6 i :
F 10 ( ) = Sh1; t + zi ; F 11 ( ) = Sh1; t + z; t 6 i ; In the case M = F 8 (0) , M=mM = h(1; 1); (0; t 4 2 + t 5 2 ); (0; t 8 2 
Ideals of singularities of type E
Now consider the case of singularities E. In this case d 0 = 3 , so it follows from 3] that each R-ideal is isomorphic either to an overring of R or to its dual module. Therefore, we only need to nd all overrings. But if I is an overring of R then SI is also an overring of S . Hence, at each stage of our inductive process we may restrict ourselves to overrings. To be complete, we always mark, which of these overrings are Gorenstein (i.e. self-dual).
Here we suppose that s = 3 and R contains elements x; y with v(x) = (1; 1; 1) and v(y) = (1; k; 4) with k > 3 (IUS of type E 2;p ). Of course, we suppose here that x = t = (t 1 ; t 2 ; t 3 ) . Again, passing to the minimal overring, we may suppose that R contains (t k+2 1 ; t k+2 2 ; t 5 3 )R 0 and is generated by x and y modulo this ideal. Then S contains (t k+1 1 ; t k+1 2 ; t 4 3 )R 0 and is generated modulo this ideal by x and z , where y = xz and v(z) = (1; k ? 1; 2) (it is an IUS of type E 1;p ). The ring S 0 contains (t k 1 ; t k 2 ; t 3 3 )R 0 and is generated modulo this ideal by x and z . Put now n 0 = rad S 0 , S 00 = End (n 0 ) . Then S 00 is generated by x and z 0 , where v(z 0 ) = (1; k ? 2; 1) and z = xz 0 . Hence, S 00 has only nitely many ideals up to isomorphism (it is a simple plane curve singularity of type D), cf. 6], 9]. Namely, here is the list of the overrings of S 00 (except S 00 itself): Thus, we have proved that par (1; R) = 1 . Analogous calculations show the same for all other IUS of type E, which accomplishes the proof of Theorem 2.1.
